We study a quantum moment map and propose an invariant for Ginvariant star products on a G-transitive symplectic manifold. We start by describing a new method to construct a quantum moment map for Ginvariant star products of Fedosov type. We use it to obtain an invariant that is invariant under G-equivalence. In the last section we give two simple examples of such invariants, which involve non-classical terms and provide new insights into the classification of G-invariant star products.
Introduction
In classical mechanics, observables are smooth functions on a phase space, which constitute a Poisson algebra, while in quantum mechanics observables becomes a noncommutative associative algebra.
Deformation quantization introduced by Bayen, Flato, Fronsdal, Lichnerowicz and Sternheimer [4] in 1970's, is one of the important attempts aiming to establish a correspondence principle between these two mechanics. A classical phase space is usually a symplectic manifold M and the set of observables of classical mechanics is N = C ∞ (M ). A deformation quantization, or more precisely a quantization based on a star product is to introduce a non-commutative associative multiplication * on N [[λ]], the space of formal power series with coefficients in N .
In symplectic geometry, the notion of hamiltonian G-spaces, and in particular, of moment maps play a important role [13, 10] . There is a quantum analogue of a moment map [14] . Under some suitable conditions, a quantum moment map can be defined on a G-invariant star product as a homomorphism from Gutt's star product [8] to a G-invariant star product N [[λ]]. Fedosov showed that a special quantum moment map plays an important role in formulating the quantum reduction as an analogue of a symplectic reduction [7] .
The classification of G-invariant star products as one of the important problems is described by G-invariant differential map T . This problem is completely represented by the G-invariant de Rham cohomology [1] . The set of equivalence classes of star products is parametrized by a sequence of elements in the G-invariant second de Rham cohomology of M .
A quantum moment map has a close relationship to a G-equivalence map. An equivalence map T mapping a quantum moment map associated with a G -invariant star product to another one associated with another G -invariant star product can be shown to be G-invariant as show later. If a star product enjoys the uniqueness property w.r.t. quantum moment maps to be associated with it, any G -equivalence maps a quantum moment map to another quantum moment map.
An interesting problem about a star product is how to define a 'quantum number'. When we try to do it, some difficulty arises. The most serious obstacle is that higher terms in λ of an element of N [[λ]] have no direct meaning since they are easily changed by an equivalence map T in Definition 2. So we should define a quantum number such that it is independent of the choice of equivalent star products.
In this paper, we define an invariant quantity for G-invariant star products which is invariant under the G-equivalence relation. It is defined in a simple way by using quantum moment maps. We give two examples of this invariant for the case of R 2 and of S 2 , which involve non-classical terms. It is not clear whether the invariant defined in this paper fully characterize a G-invariant star product. We do not know either that there is a relation between this constant and the G-invariant de Rham cohomology.
Plan of this paper
First we recall the Fedosov quantization, which is one of the most important tool to compute some examples. In section 2, we give Gutt's star product. This star product is a deformation of the Poisson algebra of the dual of a Lie algebra, and it plays a role of the 'universal algebra' of G-invariant star product. In section 3, a quantum moment map is studied. This section contains the definition of a quantum moment map and describes its properties. An explicit form of an quantum moment map for a given G-invariant star product has not been given yet. We provide here an equation for a quantum moment map for a given star product of Fedosov type. Using a quantum moment map, we define a new invariant for a G-invariant star product. This invariant is the main object of this paper. In the last section, we carry out computations of the invariant for two cases. One is the simple symplectic manifold R 2 . The other is the S 2 , which is the SO(3) coadjoint orbit in so(3) * . These examples exhibit non-classical terms, which are invariant under G-equivalences.
Deformation of symplectic manifolds and equivalences
Let (M, ω) be a symplectic manifold and N = C ∞ (M ) be the set of smooth functions on M . The Poisson bracket on N associated with ω is denoted by {·, ·}. Let N [[λ]] be the space of formal power series in a formal parameter λ with coefficients in N .
Definition 1. A star product is defined as an associative multiplication
such that
3. each C k is a bidifferential operator.
In the situation that a Lie group G acts on M , a star product * is said to be G-invariant if
holds for any u, v ∈ N λ and g ∈ G.
For any symplectic manifold (M, ω) there exists a star product [3, 12, 5] . 
of differential operators on C ∞ (M ) annihilating constants such that
The formal operator T is called an equivalence between * 1 and * 2 . In this situation * 2 is denoted by * T 1 . And two G-invariant star products * 1 and * 2 are G-equivalent if these two star products are equivalent and the equivalence T between * 1 and * 2 is Ginvariant. In this case T is called a G-equivalence.
The classification of star products on a symplectic manifold is represented by the de Rham cohomology as follows. In the case of G-invariant star products, the following theorem holds. 
Example of star product: Moyal-Weyl product
One of the most important star product is the Moyal product [4] . This is a star product on the symplectic vector space R 2n defined as follows.
where y 1 , · · · , y 2n are linear coordinates on R 2n , ω ij = {y i , y j }, and {, } is the canonical Poisson bracket of R 2n . It is simple to see that this definition is independent of the choice of linear coordinates.
Fedosov quantization
In the case of a general symplectic manifold, there is a simple construction of a star product, which is called Fedosov quantization. In this section, we will recall some basic facts about the Fedosov quantization on a symplectic manifold, as well as some useful notation. For details; see [5] .
Let (M, ω) be a symplectic manifold of dimension 2n. Then, for each point x ∈ M , T x M is equipped with a linear symplectic structure. Recall that the Moyal star product always exists on a symplectic vector space T x M . 
The product is defined by the MoyalWeyl rule (3) . 
where x ∈ M . We call a(x, y, λ) smooth if each coefficient a k,α (x) is smooth in x. We denote the set of smooth sections by ΓW . It constitutes an associative algebra with unit under the fibrewise multiplication. A differential q-form with values in W is a smooth section of the bundle W ⊗ ∧ q T * M . For short, we denote the space of smooth sections of the bundle by ΓW ⊗ Λ q . ΓW ⊗ Λ q forms an associative algebra under multiplication of tensor product algebra.
Let ∇ be a torsion-free symplectic connection on M and ∂ : ΓW → ΓW ⊗ Λ 1 be its induced covariant derivative. Consider a connection on W of the form
with γ ∈ ΓW ⊗ Λ 1 , where
Clearly, D is a derivation with respect to the Moyal-Weyl product. A simple computation shows that
where
Here
jkl is the curvature tensor of the symplectic connection.
A connection of the form (5) 
. We call D a Fedosov connection if it is Abelian and deg γ ≥ 3. For an Abelian connection, the Bianchi identity implies that dΩ = DΩ = 0 , that is, Ω is closed. In this case, we call Ω Weyl curvature.
Theorem 3 ([5]). Let ∇ be any torsion-free symplectic connection, and Ω =
] a perturbation of the symplectic form ω. There exits a unique γ ∈ ΓW ⊗ Λ 1 such that D given by Equation (5) is a Fedosov connection, which has Weyl curvature Ω and satisfies δ −1 γ = 0.
The above theorem indicates that a Fedosov connection is uniquely determined by a torsion-free symplectic connection ∇ and a Weyl curvature Ω =
. For this reason, we will say that the connection D defined above is a Fedosov connection corresponding to the pair (∇, Ω).
We denote W D be the set of smooth and flat sections, that is, Da = 0 for a ∈ ΓW . The space W D becomes a subalgebra of ΓW . Let σ denote the projection from
We denote the inverse map of σ by Q D and call it a quantization procedure.
The explicit formula of the quantization procedure is given by
For G-invariant star products, there is a simple criterion as follows.
Proposition 1 ([6][14]). Let ∇ be a G-invariant connection, Ω be a G-invariant
Weyl curvature and D be the Fedosov connection corresponding to (∇, Ω). Then the star product corresponding to D is G-invariant.
In the previous proposition the G-invariant star product whose Weyl curvature is given by ω is called the canonical G-invariant star product.
Deformation of Lie algebras and Gutt's star product
Let g be a finite dimensional Lie algebra and g * be its dual. g * has a Poisson structure called the linear Poisson structure that is defined for
where {x i } is a basis of g and C k ij are structure constants of g with respect to
, {, }) has a canonical star product called Gutt's star product [8] . This star product is defined as follows: Let g[[λ]] be the formal power series of λ with coefficients in g. We define a Lie algebra structure
for any ξ, η ∈ g and extend by λ-linear, where [ , ] means the Lie bracket of g. We denote it by g λ .
Let U(g λ ) be the universal enveloping algebra of g[[λ]]. As a vector space,
. the space of formal power series of λ with coefficients being polynomials on g * . The isomorphism is established by symmetrization. Therefore, the algebra structure on
, which give rise to a deformation quantization for the Lie-Poisson structure g * .
G-invariant star products and quantum moment maps
Now we consider a quantum moment map for a G-invariant star product, as one of the main subjects in this paper. A quantum moment map is a quantum analogue of a moment map. Fedosov defines a quantum moment map to show the quantum reduction theorem [7] . But we adopt here the definition of quantum moment map from [14] since this definition contains the ones of Fedosov. While existence and uniqueness can be easily verified under suitable conditions, it is not easy to present in an explicit formula. Hence we present a new method of computing quantum moment maps for any star product of Fedosov type and discuss the relation between G-equivalents and quantum moment maps in this section. On the basis of these consideration, we propose here a new invariant for G-invariant star products and show that it remains unchanged under G-equivalence, because of which this invariant should be expected to play an important role in the classification of G-invariant star product. We present a few examples, which show that these invariant provides non-trivial results arising from quantum effect.
The definition and basic properties of quantum moment maps
Let (M, ω) be a hamiltonian G-space and Φ be a moment map [13] . From now on, we assume that any star product is G-invariant. Then, the corresponding infinitesimal action defines a Lie algebra homomorphism from g to the Lie algebra of derivations Der(N [[λ]],*) with respect to * .
Definition 4. A quantum moment map is a homomorphism of associative algebras
where the right hand side of (8) means the infinitesimal action of
It is easy to see that the condition (7) is equivalent to
Note that a quantum moment map usually depends on the choice of a star product.
As mentioned above, the algebra U(g λ ) can be identified with Gutt's star product on pol(g
On the existence and the uniqueness of quantum moment maps, some simple criteria are known as follows. 
A local formula of quantum moment maps
Let f be a diffeomorphism on M . Then f acts on a section a ∈ C ∞ (W ⊗ Λ) by pull back
If f is a symplectomorphism, f * is an automorphism of the algebra C ∞ (W ⊗Λ). Thus, a Hamiltonian vector field X defines a derivation on
called the Lie derivative, where f t is the Hamiltonian flow generated by X. One can show that there is a section A(X) ∈ C ∞ (W ) such that
For instance, A(X) is given as following
where ω ik are coefficients of the symplectic form ω and f t is the Hamiltonian flow generated by X.
The following two Lemmas play important roles in determining the local form of any quantum moment map. Assume that there exists
holds for any section a ∈ C ∞ (M, W ⊗ Λ). Then, for any Abelian connection of the form (11) is cancelled by that of −i(X)∆γ to Q(H(X)), we have
It remains to show that Q(H(X)) − i(X)∆γ is equal to Q 1 (H(X)). Since
it is sufficient to show that Q(H(X)) − i(X)∆γ is flat with respect to D 1 .
Since the Weyl curvature of D 1 equals to Ω, we obtain
Lemma 2. Under the conditions in Lemma 1 if
holds for any X, Y ∈ g, then Equation (13) holds with Q 1 replaced by Q defined in Lemma 1.
Proof. As we have seen in the proof of Lemma 1, the equation
holds. By Lemma 1, we have
The star products defined below play important role to compute local form of quantum moment map. The following proposition is a key for the computation of a local form of quantum moment map. 
for any X, Y ∈ g and a ∈ C ∞ (W ⊗ Λ).
Proof. First note that equation (11) is holds with Φ * replacing H. In fact, if we denote Da = da + [γ, a]/λ and use Equation (10), (11) is equivalent to
By definition of Φ * , equation (11) This proposition means that the computation of the local form of a quantum moment map for a Fedosov star product reduces to that of a quantum moment map for the semi-Moyal product whose Weyl curvature is the same as the corresponding Weyl curvature to Fedosov star product under consideration.
The following theorem which is proved by Fedosov([5] ) is obtained by using previous proposition in the case of the canonical G-invariant star product, that is, the Weyl curvature Ω = ω.
Theorem 7. Assume * is a canonical G-invariant star product. Then Equations (11) and (13) are valid if H is a classical moment map.
We will give a method to compute a local form of quantum moment map for any G-invariant Fedosov star product. In the case of a canonical G-invariant star product, the above theorem provides a quantum moment map. In other cases, the computation is divided into two parts. Firstly, we give an explicit formula of semi-Moyal quantization. Secondly, we give a formula of a quantum moment map of a semi-Moyal product.
An explicit form of semi-Moyal products and their quantum moment maps
As we saw in the previous subsection, it is important to give an explicit formula of semi-Moyal products to compute a quantum moment map. Using the Fedosov quantization method, we have following formula. Let U be a Darboux neighborhood, ΓW U be the Weyl algebra bundle on U and Ω is a perturbation of the symplectic form ω, that is,
where each ω i is closed two form on U . Using the Fedosov method (Theorem 3), we have the semi-Moyal connection whose Weyl curvature is Ω as follows;
Then, by Theorem 4, the semi-Moyal quantization of u ∈ C ∞ (U ) is given by
For later use, we give all linear terms with respect to y i s of a semi-Moyal quantization(20)
and γ (1) denotes linear terms of γ with respect to y i . Next, we give a differential equation in determining a quantum moment map of a semi-Moyal product. In the special case, the Moyal product, the following fact holds. Proof. It is a direct verification.
Lemma 3 ([7]). Let X be a vector field on U and H be a generator function of X, that is
For general semi-Moyal products, the following Lemma is important to determine a quantum moment map.
Lemma 4. Let D is the semi-Moyal connection whose Weyl curvature is
Ω = ω + λω 1 + · · · , Q be
the quantization procedure with respect to D and H be a generator function of a vector filed
then
holds, where µ j i is given by (22) .
Lemma 3 reduces this equation to
Since this equation holds for any a ∈ ΓW U , we have
up to central elements, functions in C ∞ (U ) [[λ] ]. Equating linear terms with respect to y i of Equation (26) and using (20), we have
Multiplying the above equation by (µ − 1), we have (25).
Let * be a G-invariant Fedosov star product whose Weyl curvature is Ω and Φ * is a quantum moment map of * . Then Proposition 3 and Lemma 4 imply
where Φ is the classical moment map. The above equation determines Φ * up to constants, that is, elements in
To fix these constant terms of a quantum moment map, we use Equation (15). We can completely fix constants if H 1 (g, R) = 0.
G-equivalences, Quantum moment maps and invariants
In this subsection, we will give a relation between G-equivalence and quantum moment map. 
Then T is G-invariant. So * and * ′ are formally G-equivalent.
Proof. It is enough to show that for any f ∈ N , T Xf = XT f holds, which can be seen as
Proposition 5. Assume * is a G-invariant star product and Φ * is its quantum moment map. If a formal differential map
T is also a G-invariant star product and T Φ * is a quantum moment map with respect to * T .
Proof. It is easy to see that * T is G-invariant star product. Set Ψ = T Φ * , then Ψ is an algebra homomorphism between Gutt's star product and (N [[λ] ], * T ). So it is enough to check the condition (9):
there is a unique quantum moment map for each star product, if it exists. Let * and * ′ be G-invariant star products and Φ * and Φ * ′ be the corresponding quantum moment maps. If T is a Gequivalence map between * and * ′ then Φ * ′ = T Φ * .
So we have shown that a G-equivalence maps a quantum moment map corresponding to a G-invariant star product to one for the corresponding product, and vice versa.
The following proposition determines the commutant of quantum moment maps.
Proposition 6. Let Φ * be a quantum moment map with respect to a star product
then f is a G-invariant function.
Proof. The equation, 
Proof. The equality
implies, by Proposition 6, that Φ * (l) is constant.
This Proposition leads to the following definition.
Definition 6. Let M be a G-transitive symplectic manifold and * be a Ginvariant star product which has a quantum moment map Φ * . Define a map c * by
Then c * is an algebra morphism, because Z is a subalgebra of Gutt's star product and Φ * is an algebra morphism.
The following Theorem says that the map c * depends only on a class of G-invariant * -products. Theorem 8. Let * and * ′ be G-invariant star products and Φ * and Φ * ′ be the corresponding quantum moment maps. If * is G-equivalent to * ′ then c * is equal to c * ′ .
Proof. Let T , a G-invariant differential map, be the G-equivalence between * and * ′ . By Corollary 1 it satisfies Φ * ′ = T Φ * , so ker Φ * = ker Φ * ′ . This implies c * = c * ′ by Proposition 8.
Examples of c *
In this section, we present two examples of c * . The first one is the Moyal product on R 2 on which SL(2) acts. The second one is the G-invariant star product on S 2 , the coadjoint orbit of G = SO(3).
Moyal product on R 2
Let R 2 be the symplectic vector space with coordinates (x, p), and the Poisson bracket is given by {x, p} = 1. The group SL(2) acts on R 2 by linear symplectomorphisms. Let {E, F, H} be basis of sl (2) with commutation relation,
The Casimir element is given by Z = EF + 1 2 H 2 + F E. The Moyal product is the canonical SL(2)-invariant star product. So we obtain a quantum moment map corresponding to Moyal product is given by classical moment map.
The classical moment map Φ is given by
So c * (Z) is given by
All terms of (28) vanish except the λ 2 term. A simple computation gives
3.2 SO(3)-invariant star product on S
2
In this subsection, we give an example of c * for the SO(3)-invariant star product on S 2 , the coadjoint orbit of SO(3), up to λ 2 . We should note that the Ginvariant de-Rham cohomology space of S 2 is R. So SO(3)-equivalence class of SO(3) invariant star product on S 2 is parametrized by
. We compute here c * for the canonical invariant star product and the star product of Fedosov type whose Weyl curvature Ω = ω + λω.
canonical SO(3)-invariant star product on S 2
To use the formula (6), we need a SO(3)-invariant connection on S 2 . To this end, the following results are fundamental (see [9] ). Let M = K/H be a homogeneous space, where K is a connected Lie group and H is a closed subgroup of K. The coset H is called the origin of M and will be denoted by o. The group K acts transitively on M in a natural manner. The linear isotropy representation is by definition the homomorphism of H into the group of linear transformations of T o (M ) which assigns to each h ∈ H the differential of h at o.
Let n be the dimension of M and G be a Lie subgroup of GL(n; R). We recall that a G-structure on M is a principal subbundle P of the linear frame bundle L(M ) with structure group G ⊂ GL(n; R).
Unless otherwise stated we assume throughout this section that P is a Gstructure on M invariant by K, i.e., K acts on P as an automorphism group. We also fix a linear frame u o ∈ P at o throughout. If we identify T o (M ) with R n by the linear isomorphism u o : R n → T o (M ), then the linear isotropy representation of H may be identified with the homomorphism ρ : H → G defined by
where h * :
We say that a homogeneous space K/H is reductive if the Lie algebra k of K may be decomposed into a vector space direct sum of Lie algebra h of H and an Ad(H)-invariant subspace m, that is, if
Condition (2) 
where ρ denotes both the linear isotropy representation H → G and the Lie algebra homomorphism h → g induced from it, Ad(h) denotes the adjoint representation of H in k and Ad(ρ(h)) denotes the adjoint representation of G in g. To a K-invariant connection in P with connection form ω there corresponds the linear mapping defined by
whereX denotes the natural lift to P of a vector field X ∈ k of M and Λ is defined by
We shall now express the one-to-one correspondence in Theorem 9 in terms of covariant differentiation. If ∇ is the covariant differentiation with respect to the affine connection on M and if X is a vector field on M , then the tensor field A X of type (1,1) on M is defined by
Corollary 3. The one-to-one correspondence in Theorem 9 is also given by
Next, we provide useful facts of coadjoint orbits of SO(3). We identify the so(3)
* with the R 3 by taking basis of so(3). Let α be a point on so(3) * . A coadjoint orbit through the point α is nothing but the sphere with the radius r = α denoted by S 2 r . Let dA be the area element on the sphere S 2 r . Then the coadjoint symplectic structure is given by following 2-form
We give local canonical coordinates around o = (r, 0, 0) ∈ R 3 . The spherical coordinates given by x = r cos ϕ sin θ y = r sin ϕ sin θ z = r cos θ,
constitute local coordinates in a neighborhood of o. In these coordinates the symplectic form ω can be written by ω = r sin dθ ∧ dϕ.
If we defineθ = −r cos θ, we have ω = dθ ∧ dϕ, and (θ, ϕ) are canonical coordinates.
Let σ x , σ y , σ z ∈ so(3) be the generators of rotations around x, y and z axes, respectively. Note that σ x generates the isotropy group at o = (r, 0, 0). Let h be a Lie subalgebra of so(3) and m be a linear subspace of so(3) generated by σ y and σ z . It is easy to show that so(3) = h + m is a unique reductive decomposition.
Let P be the principal Sp(2)-subbundle of L(S 2 r ), that is, the bundle of symplectic frames. Using canonical coordinates (θ, ϕ), we set
Let T x , T y and T z be the fundamental vector fields of S 2 r corresponding, respectively, to σ x , σ y and σ z . In canonical coordinates (θ, ϕ) we have 
We give here a SO(3)-invariant connection on S 2 . In the present case, the linear isotropy representation (29) is nothing but the Jacobi matrix of the differential of h ∈ G at o in the canonical coordinates (θ, ϕ), so we easily obtain
Note that this ρ means the induced Lie algebra homomorphism. So we have a unique SO(3) invariant connection on S 2 r which is given by the usual partial differential with respect to canonical coordinates (θ, ϕ) at o. One can show that if there is an invariant torsion-free connection, there exists an invariant torsion-free symplectic connection. So the connection we have constructed is symplectic. Now we can compute c * for the canonical SO(3)-invariant star product. According to the theorem, the quantum moment map is given by the classical moment map. Let Z = σ (3)) is generated by Z. Our purpose is to compute Φ * (Z) up to λ 2 order. Since Φ * is a homomorphism, we have Φ * (Z) = Φ * (σ x ) * Φ * (σ x ) + Φ * (σ y ) * Φ * (σ y ) + Φ * (σ z ) * Φ * (σ z ) = Φ(σ x ) * Φ(σ x ) + Φ(σ y ) * Φ(σ y ) + Φ(σ z ) * Φ(σ z ).
Since Φ * (Z) is a constant function and star product is local, we only concentrate on a reference point o ∈ S 2 . Computation requires the values of covariant derivatives of functions at o.
The classical moment map is given by Φ(σ x ) = r sin θ cos ϕ, Φ(σ y ) = r sin θ sin ϕ, Φ(σ z ) = r cos θ.
A simple computation gives
and other combinations are 0. Substituting these values into (40) and using the formula (6), we obtain 
The λ 2 term in (43) is non-classical, and any G -equivalence remains these values.
